We show experimentally for ultrashort laser pulses propagating in air, that the collapse/filamentation distance of intense laser pulses in the atmosphere can be extended and controlled with a simple double-lens setup. We derive a simple formula for the filamentation distance, and confirm its agreement with the experimental results. We also observe that delaying the onset of filamentation increases the filament length.
Introduction
The possibility to send high-power ultrashort laser pulses into the atmosphere that would propagate over several kilometers [1] has sparked the interest of many researchers in nonlinear optics. As a result, atmospheric propagation of high-power lasers is currently a very active area of research, with potential applications such as remote sensing of the atmosphere using LIDAR applications and lightning control [1, 2, 3, 4, 5, 6, 7, 8] . Typically, the collapse/filamentation distance of laser pulses in air is on the order of several meters. Quite often in atmospheric applications, however, one would like to be able to delay and to control the filamentation distance, so that it would be anything from a few meters up to several kilometers. Until very recently, the only approach to achieve that was to launch negatively chirped ultrashort pulses [1, 2] . The idea behind this approach is that the increase in pulse duration due to the normal group velocity dispersion (GVD) of the air is precompensated by imparting a negative initial chirp that makes the pulse compress in time as it propagates. In this approach one can control the collapse/filamentation distance through delicate changes in the amount of negative chirping.
In this study, we show that the filamentation distance can also be increased with a defocusing lens. Our analysis of the effect of a lens on the filamentation distance is based on two key observations:
1. Prior to beam collapse, the propagation in the atmosphere is essentially determined by the Kerr nonlinearity and diffraction, as other effects (multiphoton absorption, plasma formation, Raman scattering, etc.) become important only after the pulse has collapsed. As a result, the collapse point can be calculated with the relatively simple two-dimensional, cubic Nonlinear Schrödinger model (NLS). This observation holds regardless of whether the beam collapses as a single filament or as multiple filaments.
2. The effect of a focusing/defocusing lens in the two-dimensional, cubic NLS is the same as in diffractionless, linear propagation.
Together, these two observations imply that if we denote by z c the filamentation distance of the original beam, by z F c the filamentation distance of the focused/defocused beam, and by F the focal length of the lens, then z c and z F c are related by the simple lens relation
Recently, Jin et al. [8] demonstrated experimentally that the filamentation distance in air can be controlled with a deformable mirror. In Section 3 we show that the experimental results of [8] can be explained with relation (1) . This shows, in particular, that the relatively expensive deformable mirror effectively acts as a focusing/defocusing lens. If one uses a lens with a focal length F, however, one can only change the collapse distance from z c to z F c . Hence, a continuous control can only be achieved by changing the power of the beam (in order to change z c ). Unfortunately, this requires a very delicate control over the laser power, which is hard to achieve with the Terawatts lasers that are used in atmospheric propagation. In order to overcome this difficulty, in our experimental setup we used a telescope-type double-lens system, in which the filamentation distance is controlled by changing the distance d between the two lenses. In that case, a derivation similar to that of relation (1) shows that the double-lens setup changes the filamentation distance from z c to z
where F 1 and F 2 are the focal lengths of the first and second lens, respectively.
In our experiments, we were able to use the double lens setup to control the filamentation distance, as well as to increase the filamentation distance in air by a factor of six (e.g., from 8 to 47 meters). We could not observe filamentation distances greater than 50m because of the size of the laboratory. Our theoretical prediction for the filamentation distance as a function of the distance between the two lenses, equation (2) , is in good quantitative agreement with our experimental results.
In our experiments, we also observed that the increase in the distance of the onset of filamentation was accompanied by an increase in the filament length. A similar phenomenon was observed for negatively chirped pulses, where the delay of the onset of filamentation was accompanied by an increase in the filament length [9, 10, 11] . This similarity further suggests that a defocusing lens can be viewed as the "spatial analogue" of negative chirping.
Effect of a lens
The mathematical model for atmospheric propagation of intense laser pulses can be quite complex. This is due to the fact that after the beam has collapsed into a filament, its intensity becomes so high that, in addition to the Kerr nonlinearity and diffraction, various other nonlinear effects (e.g., nonlinear saturation, nonlinear absorption, and plasma formation) become important. Until the beam begins to collapse, however, these nonlinear effects are negligible, and the propagation is dominated by the effects of the Kerr nonlinearity and diffraction. Therefore, the pulse propagation prior to filamentation/collapse can be modeled by the Nonlinear Schrödinger equation (NLS), which in dimensionless variables reads
Here, A is the complex amplitude of the electric field, z is the distance in the direction of propagation, normalized by twice the diffraction (Rayleigh) length L diff = k 0 r 2 0 , and x and y are the transverse coordinates measured in units of the initial beam width r 0 .
The two-dimensional cubic NLS, equation (3), has the following remarkable property, sometimes known as the lens transformation [12] . Let A(z, x, y) be a solution of the NLS (3), let
and let
Then A F (z, x, y) is also an exact solution of the NLS (3). In the linear case, the lens transformation holds in all dimensions. In the case of a cubic nonlinearity, however, the lens transformation holds only in the two-dimensional case. Since A F (0, x, y) = A(0, x, y)e −i(x 2 +y 2 )/4F and
the lens transformation shows that the effect of a lens in diffractive propagation in a bulk Kerr medium is the same as in diffractionless, linear propagation. In particular, if A(z, x, y) collapses at z = z c , then A F (z, x, y) would collapse at z = z F c , where
Equation (7) shows that a focusing lens (F > 0) accelerates the collapse, i.e., z F c < z c , and a defocusing lens F < 0 delays the collapse, i.e., z F c > z c . Moreover, it shows that in principle, with a proper choice of the lens, the beam can be made to collapse at any desired location, before or after the "original" collapse point z c . We emphasize that the lens transformation models the effect of an infinitely thin lens. The finite width of lenses used in experiments, as well as their nonlinear properties, can lead to deviations from the predictions of the lens transformation.
It is worth noting that the "original" input beam does not have to be collimated, since in the lens transformation we did not assume that the input beam A(0, x, y) is collimated. It is also worth noting that the lens transformation shows that the addition of a thin lens does not change the filamentation pattern in the NLS (3) . Specifically, if the "original" beam breaks into multiple filaments before it collapses, the focused beam would break into the same number of filaments.
The above statements have been proved under two conditions. The first condition is that the lens is thin. Thus, a "thick" lens may affect the filamentation pattern by introducing small-scale abberations to the beam profile. The second condition is that multiple filamentation occurs when the propagation dynamics is still governed by the NLS (3). This is indeed the case for beams whose power is of the order of 100P cr or more, since in this high-power regime multiple filamentation occurs just before the beam collapses [3] . However, at "lower" powers, multiple filamentation occurs after the collapse is arrested, i.e., when the NLS model, hence the lens transformation, are not valid. In that case, the lens may affect the filamentation pattern.
Since in atmospheric propagation we would like to delay the onset of filamentation, from now on we will focus on the case of a defocusing lens. Our results, however, are also applicable to the case of a focusing lens.
The effect of a defocusing lens on the collapse distance, as given by equation (7), is illustrated in Fig. 1 . When the beam is collimated (−F = ∞), the beam collapses at z c . As −F decreases from −F = ∞ to −F = z c , the collapse distance increases from z c to infinity. When −F < z c , the value of z F c becomes negative, indicating that there is no collapse. In other words, a defocusing lens whose "imaginary" focus is shorter than the distance to the blowup point without the lens will prevent the collapse.
In Fig. 2 we show the effect of a defocusing lens on the propagation of a Gaussian beam with input power P = 9P cr . When the beam is collimated (−F = ∞), it self-focuses until it collapses at the dimensionless distance of z c = 0.0423. When −F = 1.18z c , i.e., slightly above z c , the beam initially diffracts (due to the lens) until z/z c ≈ 2 and later collapses at z F c /z c ≈ 6.5. When −F = 1.0034z c , the beam initially diffracts due to the lens until z/z c ≈ 20, then propagates at a defocused stage until z/z c ≈ 110 and finally collapses at z F c /z c ≈ 300. When −F = 0.9975z c , i.e., slightly below z c , the defocusing lens is stronger than the Kerr nonlinearity, hence the pulse simply diffracts.
Ideally, in order to achieve long-distance atmospheric propagation, we would like the propagation to be as in Fig. 2C . Here, the collapse distance increased by a factor of ≈ 235, compared with the collapse distance in the absence of the defocusing lens. Moreover, during most of the propagation, the beam intensity is substantially lower (by a factor of ≈ 55) than its initial intensity. Hence, the effects of nonlinear absorption, as well as of any other nonlinear mechanism, are minimized. In that case, the justification for using the NLS model (3) until the onset of filamentation is even stronger. 
Deformable mirror experiment
In [8] , Jin et al. showed that the filamentation distance in air can be controlled by changing the beam divergence angle θ with a deformable mirror and also by changing the input power. In Figure 8 in that study, the authors fitted the results of one set of experiments (with input power P = 300GW ) with the following approximation for the filamentation distance, which in dimensionless variables reads as
where p = P/P cr is the fractional input power, r m is the dimensionless focal spot size, and a positive/negative value of θ corresponds to a diverging/converging beam. There are, however, several problems with the analytical approximation (8) . For one thing, according to equation (8) , in the case of a collimated beam,
.
This square-root dependence is indeed correct for input powers ≪ 100P cr . However, at input powers above 100P cr , which was the case in that experiment, the collapse distance should scale as 1/P, see [3] . The reason equation (8) provided a good fit to the experimental data is because the value of P used in the fit was 40GW (the measured value of the integrated laser pulse in the filament) rather than the input power of 300GW . Therefore, the second drawback of this analytical approach is that it requires measuring the filament spot size and the integrated power in the filament. We now show that the experimental results of Jin et al. can be explained with equation (7). Note that this approach does not require knowledge of the filament spot size, nor of the integrated power in the filament. Instead, is uses the value of z c , the filamentation distance in the absence of the deformable mirror, whose value as a function of the input power P can either be measured "once and for all", or calculated numerically.
Since the divergence angle θ is related to the focal distance through
rewriting equation (7) in terms of θ gives
In Fig. 3 we present the data taken from Fig. 8 of Ref. [8] for three different power levels. Motivated by equation (9), we plot 1/z c (θ ) as a function of tan θ , and indeed observe that 1. For each power level, the results are on a straight line.
2. All three lines have essentially the same slope.
These two observations are in a remarkable agreement with the theoretical model (9) . A linear fit of the data, with 1/r 0 and 1/z c being the fitting parameters, gives values of r 0 = 10.7mm, 8.7mm and 9.5mm for the cases of P = 350GW , 400GW and 450GW , respectively. The fact that the three values of r 0 are in good agreement with each other is consistent with equation (9), since varying the input power P affects only the collapse distance z c . These three values are also in reasonable agreement with the value of r 0 = 15mm reported in [8] ; the minor difference is probably due to using different definitions of the beam width.
Double Lens setup
The results of Section 3 show that the effect of the deformable mirror is equivalent to that of a defocusing lens. Therefore, the filamentation distance can be controlled with a simple defocusing lens, rather than with the more sophisticated (and more expensive) deformable mirror. A defocusing lens also has a higher damage threshold than a deformable mirror, which can be an advantage considering the high powers needed for atmospheric propagation. However, if we replace the deformable mirror with a single lens with a fixed focal length F, we would face new obstacles. Indeed, we have seen that in order to achieve a considerable delay, the focal length should be slightly larger than z c . Since the typical filamentation distance z c in air is 5-15m, the focal length of the defocusing lens should be in that range, in order to achieve a significant delay. Such defocusing lenses are, however, less common. Moreover, with a fixed focal length F, one could only achieve a continuous control of the location by varying the input power. When −F is slightly larger than z c , however, the filamentation distance is extremely sensitive to small variations in the difference between z c and −F (compare, e.g., Fig 2(b) with Fig 2(c) ). Therefore, the required level of control over the laser power would be beyond what could be expected from lasers operating at the high powers needed for atmospheric propagation. We overcome the above difficulties as follows. We reduce the strong defocusing of the lens by adding a second, weaker focusing lens. This way, the effective lensing obtained by the double lens system is weaker than of a single defocusing lens. More importantly, for a fixed laser power, we obtain continuous control of the location of the filamentation distance by continuously changing the distance between the two lenses. Hence, the double lens system acts as an adjustable lens. We note that a similar double lens setup was used by Luo et al. in [13, 14] . In that study, however, the goal of the telescope was to control the width of the beam and not the filamentation distance.
Analysis
In our experimental setup described below, a defocusing lens with focal length F 1 < 0 is placed at z = 0, and a defocusing lens with focal length F 2 > 0 is placed at z = d. The defocusing lens was chosen to be stronger than the focusing lens (−F 1 < F 2 ), in order for the effective lensing to be weakly defocusing. We determined which lens should be placed first as follows. By equation (4), the beam width at the second lens changes by a factor of
relative to its initial width. As a result, the effective Rayleigh length L diff = k o r 2 0 changes by a factor of (1 − d/F 1 ) 2 . Therefore, we can delay the onset of collapse by increasing the effective Rayleigh length, which would be achieved by placing the defocusing lens first and the focusing lens second. Clearly, if one is interested in accelerating the collapse, the focusing lens should be placed first.
We now analyze the effect of a double lens setup with two successive applications of the lens transformation. The effect of the first lens is given by
Similarly, the effect of the second lens is given by
Eliminating z F 1 gives
This equation is the same as the imaging equations for the two lenses in linear geometrical optics. Indeed, by replacing −z → u and z F 1 ,F 2 → v, we get that
The relation between u and v cannot be written simply as a (thin) lens imaging relation but rather it represents a thick lens imaging relation. In such a relation there is a difference between the forward focal length (u → ∞) and backward focus length (v → ∞) [15] . If, as before, we denote by z c the filamentation distance in the absence of the double-lens setup, then Eq. (12) shows that the double lens setup changes the filamentation distance to
We emphasize that Eq. (12) is an exact relation for the collapse point in the NLS model (3) . The remarkable resemblance between the results for the NLS and for linear geometrical optics is due to the lens transformation property of the NLS (see Section 2). The denominator in (12) vanishes at
We note that in the absence of the double lens, the filamentation distance z c is of the order of several meters, whereas F 1 , F 2 and d are below 0.5m. Therefore, (12) can be approximated with
We thus see that when d is slightly below d c , the value of z
is negative (i.e., there is no collapse). In other words, the double lens setup is defocusing stronger than the Kerr nonlinearity. This case is thus similar to that of a defocusing lens with −F < z c (see Section 2).
When d is slightly above d c , the collapse point is mapped to "near infinity". As d increases from d c , the collapse point decreases from z 
The change of z c by a factor of F 2 2 /F 2 1 is due to the effective change of the beam width by a factor of, see equation (10),
which changes the Rayleigh length by F 2 2 /F 2 1 . Indeed, when d = d 0 the lenses are aligned as in a telescope, so that if the input beam in collimated, the beam emerging from the double lens setup will also be collimated. Hence, in that case the double lens setup changes the value of z c "only" by changing the effective Rayleigh distance. 
Experimental setup and results
The experiments were conducted using a 55fs laser system at 800nm, capable of delivering up to 5TW. The beam radius was r 0 ≈ 20mm corresponding to initial intensity up to 10 12 W /cm 2 . The double-lens consisted of a defocusing lens (F 1 = −0.252m), which was placed at the compressor exit, followed by a focusing lens (F 2 = 0.504m), whose distance d from the first lens was continuously varied (see Fig 5) . After passing through the telescopic system, the laser pulse propagated in air (P cr ≈ 3GW ) within the laboratory. The existence of a filament was determined with a Polyvinyl Chloride (PVC) target, whose damage threshold for 55fs pulses is ≈ 10 13 W /cm 2 . This damage threshold is high enough so the beam without filamentation is not producing any damage. The collapse distance was defined as the shortest propagation distance at which the laser beam could create a visible damage to the PVC.
In our experiments, we measured the collapse distance and the filament length in air, as a function of the distance between the two lenses of the telescope. In these experiments, we always observed multiple filaments at the initial collapse point, which is typical for input powers that are above 100P cr [3] . The presence of the telescope did not seem to change the number of filaments at the initial collapse point, in agreement with our analysis in Section 2. In Fig. 6 we show the filamentation distance as a function of the distance between the lenses d. As predicted by our analysis:
1. The filamentation distance decreases as the distance between the lenses increases.
2. The filamentation distance is sensitive to small changes in the distance between the lenses.
3. Setting a stronger defocusing lens, followed up by a weaker focusing lens, can result in a considerable increase in the filamentation distance. For example, In Fig. 6 (a) the collapse distance increases from z c = 11m up to z Moreover, the results in Figure 6 show a convincing quantitative agreement between the theoretical prediction, Eq. (12), and the experimental results. The ≈1mm deviations in the values of d between the experimental data and the theoretical prediction are well within the experimental errors, considering the shot-to-shot fluctuations in the laser power and the finite thickness (7mm and 11mm) of the two lenses.
Filament length
We also measured the position where the filament "ended", i.e., where the laser beam ceased to create a visible damage to the PVC target. In Figure 7 we show the filament length, defined as the distance between the earliest and latest distances where the filament is observed, as a function of the filamentation distance. One can see that the filament length increases with the filamentation distance.
We now discuss some possible explanations for the increase in the filament length. The filament depends on the power of the filament and of the surrounding "energy reservoir" [16, 17] at the onset of filamentation. This power, however, is unaffected by the change of the filamentation distance. Indeed, for the distances involved in our experiments (< 50m), linear losses in atmospheric propagation are truly negligible. Moreover, when linear losses are important, then the pulse power at the onset of filamentation is lower for a longer propagation distance, hence the filament length decreases. Similarly, nonlinear losses do not affect the beam power at the onset of collapse because they become important only when the beam intensity increases substantially, i.e., after the collapse. The beam power may also decrease with propagation due to the temporal broadening effect of the group velocity dispersion. This effect, however, becomes important only after propagation distances of several hundreds of meters. We thus see that in our experiment, the beam power at the onset of collapse is independent of the filamentation distance. Hence, it cannot explain the increase of the filament length.
The length of a single filament depends also on the convergence angle at the onset of col-lapse [18] . Using the lens transformation, it can be shown that a stronger defocusing lens does not only delay the onset of collapse/filamentation, but also lowers the convergence angle there. It is quite likely, therefore, that this change in the convergence angle leads to an increase in the filament length. This explanation is also valid when the beam breaks into several well-separated filaments. If, however, the filaments are close to each other, the change in the convergence angle may affect the interaction between the filaments, and, as a result, the total filament length. In that case, the effect of changing the convergence angle is less clear. We note that a similar increase in the filament length with the filamentation distance was observed for negatively chirped pulses [10, 11] . However, unlike a defocusing lens that affects only the spatial phase distribution, chirping affects both the temporal phase distribution and the pulse duration (hence, the beam power). Nuter et al. [9] showed that both positive and negative chirping increase the filamentation distance. However, negative chirping increased the filament length whereas positive chirping reduced it. Moreover, they observed that negative chirping increased the filament length and positive chirping reduced it even if the pulse duration remains constant and only the temporal phase distribution is "chirped". Since the change in the pulse duration is independent of the sign of the chirping, these results suggest that the change of the filament length in that study was mainly due to the effect of chirping on the temporal phase distribution. In that case, a defocusing lens can be viewed as the "spatial analogue" of negative chirping. In another study, however, Couairon [19] used an energy depletion analysis to show that for non-chirped pulses, the pulse duration affects the filament length. Therefore, the increase of the filament length with negative chirping may be due to the combined effects of the increase of pulse duration and the change of the temporal phase distribution.
Conclusions
In this study we showed experimentally that the filamentation distance in air can be continuously controlled with a double lens setup. We also derived a simple formula for the dependence of the filamentation distance on the distance between the two lenses, and showed that it is in good agreement with measurements of the filamentation distance in air. We believe that the combination of a simple control tool (two lenses) with an accurate theoretical formula for the filamentation distance will provide a useful tool for filamentation control in both current and future atmospheric applications.
One advantage of the double lens setup is that it can be used with pulses of any duration, and not just with ultrashort pulses. Since the limiting quantity in self-focusing is the pulse power, the possibility to work with longer pulses means that the filament can contain more energy.
In our model we neglected temporal effects, which allowed for a considerable simplification in the analysis. However, while nonlinear temporal effects (plasma formation, Raman etc.) can be neglected so long as the pulse does not begin to collapse, linear temporal effects, namely, group velocity dispersion (GVD), may become important for propagation distances of the orders of kilometers. Note, however, that in that case, if needed, the effect of GVD can be minimized by working with longer pulses.
